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ABSTRACT 
 
 
 
 
 This research introduces and analyzes the famous Lorenz equations which are a 
classical example of a dynamical continuous system exhibiting chaotic behavior. This 
system is a three-dimensional system of first order autonomous differential equations 
and their dynamics are quite complicated. Some basic dynamical properties, such as 
stability, bifurcations, chaos and attractor are studied, either qualitatively or 
quantitatively. The visualization of the strange attractor and chaotic orbit are displayed 
using phase portrait and also the time series graph. A way to detect the chaotic behavior 
of an orbit is by using the Lyapunov exponents which indicate chaoticity if there is at 
least one positive Lyapunov exponent. The Lyapunov dimension called Kaplan-Yorke 
dimension of the chaotic attractor of this system is calculated to prove the strangeness by 
non-integer number. Several visualization methods are applied to this system to help 
better understand the long time behavior of the system. This is achieved by varying the 
parameters and initial conditions to see the kind of behavior induced by the Lorenz 
equations. The mathematical algebra softwares, Matlab and Maple, are utilized to 
facilitate the study. Also, the compound structure of the butterfly-shaped attractor named 
Lorenz attractor is also explored. 
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ABSTRAK 
 
 
 
 
 Kajian ini memperkenalkan dan menganalisis persamaan Lorenz yang terkenal di 
mana ianya merupakan contoh klasik sistem selanjar dinamik yang mempamerkan 
tingkah laku kelam kabut. Sistem ini adalah sistem tiga dimensi peringkat pertama 
persamaan pembezaan autonomi yang dinamiknya agak rumit. Sesetengah sifat dinamik 
asas, seperti kestabilan, bifurkasi, kelam kabut dan attraktor dikaji, sama ada secara 
kualitatif atau kuantitatif. Visualisasi attraktor pelik dan orbit kelam kabut juga 
dipaparkan dengan menggunakan fasa potret dan juga graf siri masa. Cara untuk 
mengesan kelakuan kelam kabut edarannya adalah dengan menggunakan nilai Lyapunov 
yang menunjukkan keadaan kelam kabut jika terdapat sekurang-kurangnya satu nilai 
positif Lyapunov. Dimensi Lyapunov yang dipanggil juga sebagai dimensi Kaplan-
Yorke dikira untuk membuktikan keanehan attraktor dengan wujudnya nombor bukan 
integer. Menggunakan kaedah visualisasi yang berbeza untuk bantuan sistem ini supaya 
lebih memahami tingkah-laku jangka masa panjang bergantung kepada nilai-nilai 
parameter yang berbeza dan syarat awal sistem Lorenz untuk menggambarkan tingkah-
laku oleh persamaan Lorenz. Perisian matematik algebra, Matlab dan Maple, digunakan 
untuk memudahkan kajian ini. Selain itu, struktur sebatian attraktor berbentuk rama-
rama yang dinamakan Lorenz attraktor juga diterokai. 
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CHAPTER 1 
 
INTRODUCTION 
 
1.1 Background of Study 
 
Ordinary differential equations are divided into linear and nonlinear systems. 
Linear systems have only one equilibrium point at the origin. This is in contrast with 
nonlinear systems which may have many equilibrium points. According to Hirsch 
(2004), some nonlinear systems have no solutions to a given initial value problem and 
some systems have infinitely many different such solutions. Systems of nonlinear 
differential equations play an important part in subjects as diverse as meteorology, 
oceanography, optics, economics, biology, etc. Such dynamical systems are rarely have 
exact analytical solutions, and numerical modeling is frequently required to supplement 
experimental research. Nonlinear systems are found to exhibit some interesting 
behaviors, including chaos. 
 
There are several difficulties in dealing with nonlinear dynamical system. Firstly, 
greater number of possible cases can occur, and the number increases with the 
dimension of the system. Secondly, it is not easy to plot accurate and understandable 
trajectories in a phase space of higher than two dimensional systems. The higher the 
number of dimensions, the harder it will be. Lastly, third order system or higher 
dimensions will sometimes produce different phenomena and behavior which one 
cannot find in one or two-dimensional system.  
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This research tries to explore some of these phenomena by investigating a three 
dimensional autonomous system involving Lorenz equations. We will see how these 
simple equations can give so many surprising behaviors such as chaos and strange 
attractor. We will be exposed on what is meant by chaos, attractors and how the attractor 
is known to be strange. Before we analyze Lorenz behavior, we start by studying the 
general properties of Lorenz system such as finding the equilibrium points, identifying 
the stability of the equilibrium points and how to linearize the system which involve a 
Jacobian matrix. The existence of bifurcations such as Pitchfork and Hopf which only 
exist at certain parameter r will be studied in the system.  
 
The analysis of Lorenz system will be made by varying the parameter r within a 
certain range and we can observe that there is a change in behavior depending on the 
value of r chosen. Lorenz attractor exists at a certain state and this creates a beautiful 
butterfly which emerges when the solution is plotted in the phase portrait. The solution 
is very sensitive to the initial conditions and can result a big change with just a small 
change. The chaotic behavior of the Lorenz system will be measured by Lyapunov 
exponent and Kaplan-Yorke Dimension to detect the strangeness. This is done with the 
help of mathematical software tools such as Matlab and Maple. 
 
1.2 Problem Statement 
 
The behavior of nonlinear dynamical systems can differ completely from that of 
linear dynamical systems. The linear systems always exhibit straightforward, predictable 
behavior and eliminate any possibility of chaotic behavior. So, to find chaotic behavior, 
we need to look at nonlinear, higher dimensional systems which in this research is 
Lorenz equations. Lorenz as a vastly oversimplified model of atmospheric convection, 
produces what has come to be known as a strange attractor. 
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This research is done by focusing on research questions such as what are the 
properties of Lorenz system? What are the equilibria and how do they relate to stability? 
How does a change in value of a parameter r in the Lorenz system affect the behavior of 
the system in phase portrait? Does the chaotic behavior of the Lorenz system always 
exist? When do the bifurcation and attractor exist? How to measure chaos and how to 
detect strangeness in the attractor? 
 
1.3 Objectives of study 
 
1) To study the historical survey of Lorenz system, general properties, equilibria 
and their stability. 
2) To explore the behavior of the Lorenz system by analyzing the phase portrait 
by changing the value of the parameter r in Lorenz equation. 
3) To analyze the whole system of Lorenz including its stability, bifurcation, 
chaos and attractors. 
4) To investigate the chaoticity of the system using Lyapunov exponent and 
Kaplan-Yorke dimension to detect strangeness. 
 
1.4 Scope of Study 
 
This research will focus on the behavior of Lorenz system based on qualitative 
tools as well as on some numerical experiment. 
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1.5 Significant of Study 
 
This research can enhance our knowledge on dynamical systems especially on 
nonlinear autonomous of three-dimensional systems. This will expose us to some new 
environment of three-dimensional systems instead of two-dimensional systems which 
are always used in a particular problem. Furthermore, it can give us a better 
understanding on Lorenz system and the chaotic behavior of the system. By exploring 
their behavior in the phase portrait, we can see the presence of the Lorenz attractor 
producing the interesting butterfly effect under certain condition and this leads to chaos 
which involves in many of our real life applications. Last but not least, it also can widen 
our knowledge in the field of Mathematics and Engineering. 
84 
 
REFERENCES  
Alligood, K. T., Sauer, T. D. and Yorke, J. A.  (1996).  Chaos: An Introduction to 
Dynamical Systems. New York : Springer-Verlag. 
Amen, A. I. and Salih, R. H.  (2007).  Limit Cycles of Lorenz System with Hopf 
Bifurcation. Iraq : College of Basic Education, University of Salahuddin. 
Apety, V. A.  (2011).  Chaotic Dynamical Systems. South Africa : Stellenbosch 
University.  
Armbruster, D. and Kostelich, E. J.  (1997).  Introductory From Differential 
Linearity Equations to Chaos. New York : Addison Wesley. 
Arnett, W. D. and Meakin, C.  (2012).  Turbulent Cells in Stars: Fluctuations in 
Kinetic Energy and Luminosity. USA. Retrieve from 
http://iopscience.iop.org/0004-637X/741/1/33/cites on 12/9/13. 
Balthazar, J. M., et. al.  (2012).  On an Overview of Nonlinear and Chaotic Behavior 
and Their Controls of an Atomic Force Microscopy (AFM) Vibrating 
Problem. Retrieved from http://www.intechopen.com/books/nonlinearity-
bifurcation-and-chaos-theory-and-applications/on-an-overview-of-nonlinear-
and-chaotic-behavior-and-their-controls-of-an-atomic-force-microscopy-af on 
7 September 2013. 
Barenghi, C. F.  (2010).  Introduction to Chaos : Theoretical and Numerical Method. 
UK : Newcastle University. 
Barnes, B. and Fulford, G. R.  (2009).  Mathematical Modelling with Case Studies; A 
Differential Equations Approach Using Maple and Matlab. 2
nd
 ed. Boca 
Raton : CRC Press. 
Berry, M. V.  (1979).  Diffractals. H. H. Wills Physics Laboratory, Tyndall Avenue, 
Bristol, BSS 1TL, UK. 
Bourke, P.  (2001).  Random Attractors Found Using Lyapunov Exponents. 
Retrieved from paulbourke.net/fractals/Lyapunov.on 22 July 2013. 
85 
 
Bovy, J.  (2004).  Lyapunov Exponents and Strange Attractors in Discrete and 
Continuous Dynamical Systems. Theoretical Physics Project. New Jersey : 
School of Natural Sciences Einstein Drive. 
 Broer, H. and Takens, F.  (2011).  Dynamical Systems and Chaos. Applied 
Mathematical Sciences. New York : Springer. 
Clark, B. K. et. al.  (1995).  Fractal Dimension of the Strange Attractor of the 
Bouncing Ball Circuit. Illinois : Illinois State University. 
Das, N.  (2012).  Some Dynamical Behaviors in Lorenz Model. India. : Jawaharlal 
Nehru College. 
Dercole, F. and Rinaldi, S. (2011) Dynamical Systems and Their Bifurcations, in 
Advanced Methods of Biomedical Signal Processing. USA : John Wiley & 
Sons, Inc.  
Diacu, F.  (2000).  An Introduction to Differential Equations; Order and Chaos. 
British Columbia : University of Victoria. 
Elert, G.  (1995).  Measuring Chaos. Retrieved from hypertextbook.com/chaos from 
5 August 2013. 
Farmer, J. D.  (1982).  Chaotic Attractors of an Infinite-Dimensional Dynamical 
System. North-Holland Publiching Company. USA. 
Franca, L. F. P. and Savi, M. A.  (2001).  Estimating Attractor Dimension on the 
Nonlinear Pendulum Time Series. J. of the Braz. Soc. Mechanical Sciences. 
Vol. XXIII, No. 4. pp. 427-439. Brazil. 
Frear, D.  (1995).  The Effect of Change on Management Planning: Applying Chaos 
Theory. USA : Wilkes Barre. 
Gelb, A. and Velde, W. E. V.  (1968).  Multiple-Input Describing Functions and 
Nonlinear System Design. New York : McGraw Hill. 
Gencay, R. and Dechert, D.  (1992).  An Algorithm for the n Lyapunov Exponents of 
an n-Dimensional Unknown Dynamical System. North Holland : Physica D. 
86 
 
Gidea, M. and Niculescu, C. P.  (2002).  Chaotic Dynamical Systems; An 
Introduction. Craiova : Universitaria Press. 
Gleick, J. and Heinemann  (1988).  Observations on the Application of Chaos Theory 
to Fluid Mechanics. UK : Meridian International Research. 
Goldstein, J.  (2011).  Attractors and Nonlinear Dynamical System. Adelphi 
University. PHD Thesis. 
Gonze, D. and Kaufman, M.  (2012).  Theory of Nonlinear Dynamical Systems. 
Retrieved from homepages.ulb.ac.be/~dgonze/TEACHING/nonlinear.pdf on 
1 August 2013. 
Grassberger, P. and Procaccia, I.  (1983).  Measuring the Strangeness of Strange 
Attractors. Amsterdam : North-Holland Publishing Company. 
Groger, M. and Hunt, B. R.  (2013).  Coupled skinny baker’s maps and the Kaplan-
Yorke conjecture. Retrieved from http://arxiv.org/abs/1303.0030 on 27 July 
2013. 
Hirsch, M.W.  (2004).  Differential Equations, Dynamical Systems, and an 
Introduction to Chaos. USA : Elsevier. 
Hoque, S. M. and Kazadi, S.T.  (2001).  Application of Nonlinear Dynamics to Image 
Recognition. retrieve from http://www.jisan.org. on 23 September 2013. 
Hsieh, D. A.  (2012).  Chaos and Nonlinear Dynamics: Application to Financial 
Markets. The Journal of Finance. Volume 46, Issue 5, pages 1839–1877, 
December 1991. Durham : Duke University. 
Ives, C.  (2011).  Human Beings as Chaotic Systems. Retrieved from Fractal.org. on  
22 June 2013. 
Lam, L.  (1998).  Nonlinear Physics for Beginner. Singapore : World Scientific. 
Lorenz, E. N.  (1963).  Deterministic Nonperiodic Flow. Cambridge : Massachusetts 
Institute of Technology. 
Lynch, S.  (1964).  Dynamical Systems with Applications Using Matlab. United 
Kingdom : Manchester Metropolitan University. 
87 
 
Meador, C. E.  (2011).  Numerical Calculation of Lyapunov Exponents for Three-
Dimensional Systems of Ordinary. Theses, Dissertations and Capstones. 
Paper 107. Texas : Marshall University. 
Neishtadt, A.  (2007).  Lectures on Dynamical System. UK : Loughborough 
University. 
Nirody, J.  (2010).  Dynamical Systems Generated by ODEs and Maps: Final 
Examination Project. USA : University of California. 
Ott, E.  (2008).  Attractor Dimensions. Scholarpedia, 3(3):2110. Retrieved from 
http://www.scholarpedia.org/article/Attractor_dimensions#Lyapunov_Dimen
sion_and_the_Kaplan-Yorke_Conjecture on 24 September 2013. 
Ott, E.  (1981).  Strange Attractors and Chaotic Motions of Dynamical Systems. 
University of Maryland. Maryland. 
Rocco, E. D. D.  (2009).  DLA Model. Slovenia : University of Ljubljana. 
Shimada, I. and Nagashima, T.  (1979).  A Numerical Approach to Ergodic Problem. 
of Dissipative Dynamical Systems. Sapporo : Hokkaido University. 
Spiegelman, M.  (1997).  An Introduction to Dynamical System and Chaos. New 
York : Columbia University. 
Strogatz, S. H.  (2007).  Nonlinear Dynamics and Chaos. ed. 1. Kolkata : Levant 
Books. 
Taubes, C.H.  (2008).  Modeling Differential Equations in Biology. UK : Harvard 
University. University Press. 
Tee, L. S. and Salleh, Z.  (2012).  Dynamical Analysis of a Modified Lorenz System. 
Malaysia.: University Malaysia Terengganu. 
Thanoon, T. Y. and Al-Azzawi, S. F. (2008). Stability of Lorenz Differential System 
by Parameters. Iraq : Mosul University.  
Thompson, J.M.T. and Steward, H.B.  (1986).  Nonlinear Dynamics and Chaos. 
Suffolk. : St. Edmundsbury Press Limited. 
88 
 
Thelen, E. and Smith, L. B.  (2007).  Dynamics System Theories. Handbook of Child 
Psychology. USA : Indiana. 
Tomida, A. G.  (2009).  A Matlab Problem-Solving Environment for Nonlinear 
Systems Education in Mathematics, Physics and Engineering. Spain : 
Santander. 
Sparrow, C.  (1982).  The Lorenz Equations: Bifurcations, Chaos, and Strange 
Attractors. New York : .Springler- Verlag. 
Sprott, J. C.  (2005).  Improved Kaplan-Yorke Dimension. USA : University of 
Wisconsin. 
Wijn, A. S. and Beijeren, H.  (2004).  Chaos in Systems with Many Degrees of 
Freedom. Netherlands : University of Utrecht. 
Yang, S.P., Zhu, K.Q. and Zhou, X.Z.  (2005).  Limit Cycles Near Stationary Points 
in the Lorenz System. Beijing : Tsinghua University. 
Internet 1: Retrieved from http://crca.ucsd.edu/~syadegar/MasterThesis/node29.html. 
on 11 May 2013. 
 
